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Abstract 

A unique classification of the topological effects associated to quan- 
tum mechanics on manifolds is obtained on the basis of the invariance 
under diffeomorphisms and the realization of the Lie-Rinehart relations 
between the generators of the diffeomorphism group and the algebra of 
C°° functions on the manifold. This leads to a unique ("Lie-Rinehart") 
C*-algebra as observable algebra; its regular representations are shown 
to be locally Schroedinger and in one to one correspondence with the uni- 
tary representations of the fundamental group of the manifold. There- 
fore, in the absence of spin degrees of freedom and external fields, TTi{Ai) 
appears as the only source of topological effects. 
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1 Introduction 

The standard formulation of Quantum mechanics (QM) is based on canonical 
quantization and its foundational problems have been clarified in terms of the 
identification of observable algebras and the classification of the corresponding 
states. A full control of their structure has been obtained by the identification 
of the observable algebra with the (unique C*-)algebra generated by the expo- 
nentials of the canonical Heisenberg variables qi,Pi and by the uniqueness of its 
Hilbert space (regular) representation. The extension of such a strategy to a 
formulation of QM on manifolds still presents substantial open problems. The 
basic issue is the identification of the observable algebra playing the role of the 
Weyl algebra and in fact different choices have led to different mathematical 
structures and different physical results. 

The first important result in this direction is due to Segal [T], who empha- 
sized the role of the group Diff(A^) of diffeomorphisms of the manifold A4 and 
its action on the algebra C°°{Ai) of C°° functions on A4. His strategy can be 
read as the identification of the observable C*-algebra as the crossed product 
C°°{Ai) X DiE{Ai) and his results essentially amount to a classification of its 
(regular) unitary representations, which satisfy the crucial additional assump- 
tion that C°°{Ai) is represented by a maximal abelian subalgebra. Actually, 
under this assumption one has a unique (Schroedinger) representation, apart 
from possible phase factors arising from the one dimensional cohomology of 
the manifold, leading to a very restricted class of topological effects. 

The problem of QM on manifolds was rediscussed by Landsman [2], with 
the aim of a systematic analysis of topological effects. Following Mackey [3], 
Landsman considered quantum mechanical systems whose configuration space 
Q can be represented as a homogeneous space G/H, with G a locally compact 
group, H a subgroup of G and identified the observable C*-algebra with the 
crossed product G/H x G. In particular, if Q is a manifold A4, G can be a Lie 
subgroup of Diff(AI); then H is the stability group of one (arbitrary) point of 
A4 and the generators of G play the role of momenta. 

For a given A4, the so obtained QM crucially depends on G; in fact, dif- 
ferent choices of G lead to different C*-algebras of observables and also to 
different topological effects. Furthermore, contrary to Segal's approach, one 
does not have invariance under diffeomorphisms (since Diff(A^) is not locally 
compact and does not have invariant proper subgroups [4]). 

Segal's strategy of classifying representations of the entire Diff(A^) has 
been reproposed by Doebner et al. [5], who generalized Segal's analysis by 
relaxing the maximality of C°°{Ai) and by allowing deviations from the Lie 
algebra relations of DiE{A4), corresponding to the introduction of a (gauge) 
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connection. On the other side, they restricted their analysis to the representa- 
tions of the vector fields which generate Diff(AI) in an space of sections of 
a vector bundle over the manifold, with finite dimensional fibers, with suitable 
differentiability properties. A classification of such representations in terms of 
topological effects is obtained under additional simplifying assumptions, with 
results which only partially compare with those by Landsman. 

The occurrence of quantum topological effects has been investigated also 
within approaches to QM in terms of classical trajectories (path integral and 
Bohmian mechanics) [6|, naturally leading to a classification in terms of the 
fundamental group 7ri(A^) of the manifold. 

The restrictions and choices underlying the above analyses, while techni- 
cally effective in view of the resulting classifications, leave open the question of 
the validity and derivation of the so obtained effects on the ground of general 
basic principles. The aim of this note is to provide a formulation of QM on 
manifolds exclusively based on the identification of a unique observable alge- 
bra from fundamental (physical) principles (excluding for the moment spin 
degrees of freedom and external fields): 

1) (Localization and Lie relations.) The observable algebra should be 
generated by localized variables playing the role of positions and momenta. 
This leads to choose as position observables C^{M), the C°° functions on 

of compact support, and, as "momentum" observables, variables Ty indexed by 
a Lie algebra of vector fields v of compact support, reproducing the linear and 
Lie algebra relations between the vector fields v and their action as derivations 
on C^{M). 

2) (DifFeomorphism invariance.) The identification of the observable al- 
gebra should be independent of any choice of coordinates or of additional 
geometrical constraints, i.e. it should be diffeomorphism invariant. This leads 
to take the Lie algebra C{J^) of all the C°° vector fields of compact sup- 
port; this is actually the only possibility for compact since there is no 
diffeomorphism invariant subalgebra of £(A^). 

It is important that, without additional qualifications, different vectors 
fields are treated as independent and therefore, even at the local level, one has 
no relation between the number of independent momenta and the dimension 
of the manifold, as one would expect on physical grounds. The point is that 
the Lie relations between Diff(AI) and C°°(A^) are a too general mathemat- 
ical structure and their interpretation is far from unique; in particular the 
same Lie relations appear in the description of all particle systems on the 
same manifold A^, as the non-relativistic local current algebra relations [7j. 
Moreover, a general classification of the representations of C°°(A^) x Diff(A^) 
is a difficult open mathematical problem. In fact, the additional ad hoc re- 
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quirements introduced in the literature (maximality of C°°{Ai) by Segal, fiber 
bundle restrictions by Doebner et al. and restrictions to subgroups of Diff(A^) 
by Landsman) have the purpose and the effect of simplifying the mathemati- 
cal problem through an elimination of unwanted degrees of freedom; however, 
as discussed above, the so derived quantum mechanical effects substantially 
depend on such optional choices. A way out of such unwanted degrees of free- 
dom, compatibly with the above requirements 1,2, is obtained by taking into 
account the dependence relations between vector fields through multiplication 
by C^{M.), i.e. by realizing that the Lie algebra C{J^) of vector fields is 
a (diffeomorphism invariant) module over C^{A4). Actually, it is enough to 
realize such dependence relations at the strictly local level, i.e. for vector fields 
and C°° functions with supports in regions O diffeomorphic to open spheres. 
This argument leads to 

3) (Elimination of redundant degrees of freedom.) The momenta T^, 
indexed by vector fields v, satisfy the following algebraic relations 

T;, = i(/T, + T,/), \/f eC^iO), yveCiO). (l.l) 

Mathematically, the algebraic operations in the right hand side of eq. (1.10 is 
assumed to reproduce the intrinsic Lie-Rinehart product C^{0) x C{0) — * 
C{0) which makes £(C) a Lie-Rinehart (LR) algebra over C^{0) [8]. 

In order to define a C*-algebra of observables on the basis of 1-3 we take 
as generators the algebra C^{A4), the one parameter groups U{Xv), and the 
resolvents Ry, v & -^(C*), (of the corresponding generators T^), in terms of 
which condition (1.1) can be imposed. In this way we shall obtain a unique 
C*-algebra ^(A^) (Sect. 2). 

The module structure of C{A4) on Al, together with its vector bundle 
structure on A4 , gives rise to a Lie algebroid and the relevance of this geomet- 
ric structure for the problem of quantization of Poisson manifolds has been 
discussed in the literature (see [9], [lO]). However, the vector bundle struc- 
ture cannot be shared by the quantum observable algebra and the standard 
crossed product C* structure associated to the corresponding Lie groupoid is 
not enough, since it does not include and does not imply the product relations 
(1.1) for the generators of the Lie groupoid. On the other hand, as discussed 
above, the LR relations (1.1) and their local structure are essential ingredients 
for the very identification of the observable C*-algebra and for a unique classi- 
fication of the topological effects associated to QM on manifolds. With respect 
to the crossed product C*-algebra, A{J^) is therefore a better candidate for a 
C*-algebraic non-commutative version of the cotangent bundle on A4 with its 
symplectic structure. 
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The main result of this note is the classification of all the representations of 
A{M.), in which U{\v) are strongly continuous in A and the generators satisfy 
the Lie algebra relations on a dense invariant domain [regular representations) . 
All such representations will be shown to be locally, i.e. for regions O as above, 
unitarily equivalent, apart from multiplicities, to the Schroedinger representa- 
tion inTi. = L^{Ai, dfi), in which C^{A4) act as multiplication operators and 
y4^en,ge DiS{M) 

U{g)i;{x) = i^{g-'x)J{g, x), J{g, x) = [df,{g-'x)/di,{x)]'/' (1.2) 

with d/j, absolutely continuous with respect to the Lebesque measure (Sect. 3). 

Globally, as a consequence of the elimination at the local level of the redun- 
dant degrees of freedom (Lie-Rinehart C*-algebra), the regular representations 
are in one to one correspondence with the unitary irreducible representations 
of 7ri(A^), the first homotopy group of A4. which thus appears as the only 
source of topological effects, in the absence of additional locally observable 
degrees of freedom and external fields modifying the Lie product of C{A4). In 
particular, for simply connected manifolds one has a uniqueness theorem as 
the Von Neumann theorem for the Weyl algebra (Sect. 4). 

All the regular representations of A{A4) can be realized as Schroedinger 
representations on functions on the universal covering space of A4, yielding 
unitary representations of 7ri(A1). It is worthwhile to remark that the role of 
the universal covering space of Ai here emerges from first principles, rather 
than from the somewhat arbitrary classification of the "classical trajectories" in 
the functional integral formulation. The intrinsic a priori topological structure 
is in fact that of the universal covering group of the diffeomorphisms of M. 
and it is a non trivial consequence of the Lie-Rinehart relations that it reduces 
to the fundamental group of M.. 

2 Lie-Rinehart C*-algebra 

In this Section, we discuss how to associate to the family of Lie-Rinehart 
algebras C{0), a unique "Lie-Rinehart" C*-algebra A{M.). We adopt the 
following 

Notations: 

A4 a connected C°° manifold of dimension d, 

O any subset of M. diffeomorphic to an open sphere, 

Diff(A^) the connected component of the identity of the group of diffeomor- 
phisms of M., 

>C(A^), C-{0) the Lie algebra of C°° vector fields v of compact support in 
A^,0, respectively. 
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g{Xv), A G R, f G C{Ai), the associated one parameter groups, which exist 

by compactness of suppf , 
Q^(A4) the subgroup of Diff(A^) generated by the g{Xv), 
Q{A4) its universal covering group, which is uniquely associated to 

( Theor.8.1) and is generated by the elements of a neighborhood of 

the identity in Q{J^) and therefore by the one parameters groups g{Xv), 
Q{0) the subgroup of Q{M.) generated by the one parameter groups g{\v), 

V G 

C^{0) the *-algebra of complex functions on with support in C, 
C^{Ai) the *-algebra of C°° complex functions with compact support in Ai, 
C^{A4) the *-algebra generated by C^(A^) and the constant functions, 
U{M) the crossed product n(A^) = C^{M) x g{M). 

The requirements 1,2 lead to consider the *-algebra generated by C^{M.) 
and the elements U{Xv) = U{g{\v)), v G C{M.), with 

a*{x)^a{x), ^aeC^{M), U{gY ^U{g-^), ^g e g{M), (2.1) 

with the Lie algebra relations between vector fields and C^{M.) codified by 
the crossed product relations, 'ig, h G ^(A^), a G C^{M.) 

U{g)a{x)U{g)-' = a{g~'x) = a,(a;), U{g)U{h) = U{gh). (2.2) 

Thus, we are led to the * crossed product n(A1). 

In order to impose the LR condition (1.1), since the momenta cannot 
be bounded operators, we consider the *-algebra generated by n(A^) and the 
elements R^, v E C{0), playing the role of the resolvents of the generators 
of the corresponding U{Xv), formally Ry = (T„ — Since in Hilbert space 
representations, from the spectral representation of one has (in the operator 
norm topology) 

norm - hm[i{U{\v) - 1) / \ - il ] Rl = R^, (2.3) 

A- — >0 

this equation will be taken as the basic relation between Ry and U{Xv), at the 
algebraic level. 

Furthermore, the elements Ry are required to satisfy the standard relations 
with their adjoints 

Ry — -R* = 2iRy R* = 2iR* Ry, R* = — (2-4) 

The Lie algebra relations obeyed by the Ty yield for the resolvents 



U{g)RyUig)-' = R, 



(2.5) 
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where gv is the adjoint action of on 

The LR relations can be written in terms of the resolvents as 

Rav a — Ry = Rav ^(1 — a) Rv — I Rav ot^ Rv, (2-6) 

Va G C^{0)yv e C{0), a[, = [v, a] = -i d[U{-Xv)aU{Xv)]/d\\x=o. In 
fact, eq. (2.6) is obtained by multiplying eq. (1.1) by Ry and Rav on the right 
and on the left, respectively. 

In conclusion, eqs. (2.1-2, 2.4-6) define an abstract *-algebra Ao{A4) which 
incorporates the algebraic relations of the Lie-Rinehart algebras C{0) in terms 
of bounded operators. In order to make it a C*-algebra we introduce as C* 
norm the sup of the C* norms of ^o(^) which satisfy eq. (2.3); the existence 
of at least one such a C* norm is guaranteed by a (non trivial) representation 
of Ao{M), differentiable in the group parameters and satisfying (1.1) (see 
Sect. 3). The sup of such C* norms is finite on Ao{M), because, for all C* 
norms, ||t/(5')|| = 1, ||^d|| < 1, as a consequence of eq. (2.4), which implies 
WRvW^ = \ \RlRv\ \ < \ \Rv\\- Moreover, 

||q;|| < mi{K ■.\X\>K^(a- X)'^ E C^(M)} = sup \a(x)\. (2.7) 

xeM 

Actually, from the Schroedinger representation of Ao{M), (see below), it fol- 
lows that ||a|| = sup^g^ 1(^(^)1 and the C*-algebra generated by C^{Ai) is 
Cq{M.). The result is a unique C*-algebra A{M.), which can be considered as 
the "Lie-Rinehart C* -algebra of M". 

The definition of A{M) is invariant under Diff(A4) and in fact ^g{A) = 
U{g)AU{g)~^ , A e A{Ai), g e Q{Ai), defines a group of inner automorphisms 
of A{A4), acting as diffeomorphism on C^{A4) and on the vector fields which 
index the resolvents. We denote by A{0) the subalgebra of A{A4) generated 
by a, U{Xv), Ry with supp a, supp v (Z O. 

3 Regular representations of the Lie-Rinehart 
C*-algebra 

The notion of regular representations of the crossed product Il{A4) is well 
known and amounts to the strong continuity of the one parameter subgroups 
U{Xv), X e R,t' G C{M). By eq. (2.3) this property implies that R^ = 
(T^ — i)~^ on (ker /2,„)^. On the other side, if ker Ry = {0}, eq. (2.3) implies 
strong continuity of U{Xv) and Ry = {Ty — We are thus led to 
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Definition 3.1 A representation n of A{A4) is regular if i) the representa- 
tives 7t{U{\v)) are strongly continuous in v in the C°° topology of the vector 
fields and diff'erentiable in \, ii) the generators = id'!T{U{Xv))/dX\x=o exist 
on a common dense domain D invariant under C^{Ai) x Q{M.) and represent 
C{M) there, Hi) ker 7i{Ry) = {0}, e £(0), and Tr{C^{M)) ^ 0. 

The same notion applies to representations of A{0). As remarked before, 
the mere differentiabiUty in A of the n{U{Xv)) follows from eq. (2.3) and iii). 
Condition iii) excludes subrepresentations with 7r(i?^) = and trivial repre- 
sentations of C^{A4), yielding one dimensional representations of A{A4). 

Proposition 3.2 In a regular representaion vr of A{Ai), the generators T„, 
V e £{Ai), are essentially self-adjoint on D and satisfy {Ty — = 7r{Ry), 
and on D 

TY^,a,v,^\Y.^Oii%^+%,a,), yaieC^iOi), e C{Oi). (3.1) 

i 

Proof. Essential self-adjointness on D follows from invariance of D under the 
groups n{U{\v)), as in the proof of Stone's theorem. Eq. (2.3) implies that 
Range (T^, ± i) D Ti{R±y)T-C, which is dense by condition iii), ker7r(i?±^) = {0} 
and eq. (2.4). Therefore, Ty is essentially self-adjoint on TT^RyYU.. Moreover, 
7r{Ry) and {Ty — coincide on the dense domain 7i{Ry)T-C, and therefore on 
H, so that the self-adjointness domain D{Ty) is 7r{Ry)Tl. Hence D C 7r{Ry)T-C, 
\/v. Eq. (2.6) gives 

n{Ry) [Tay - \{aTy + Tyo) ] 7r(i?a.) = 0, Va e C^{0), e C{0) 

and therefore eq. (1.1) holds on D n 7:{Rav)'H = D. Eq. (3.1) follows from 
condition ii). □ 

For the classification of the regular representations of A{M) the following 
notions are useful 

Definition 3.3 A Schroedinger representatiom: of A{0) is a representation 
in Htt = L^{M,dfj.), with dfj. equivalent to the Lebesgue measure in any coor- 
dinate system, of the following form, ^i/j G 7Y,r 

(7r(a)V^)(a;) = a{x)ilj{x) , Va e C^{0), (3.2) 



{7r{U{Xv))i;){x) = i^{g{Xv)-'x) J{g{Xv), x) , e 0^(0), (3.3) 
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{TT{R,)ij){x) = ((i; - (3.4) 

Thanks to the isometry i>{x) — >• [dii2{x) /djii{x) ]~^/'^%lj{x) all Schroedinger rep- 
resentations TT of A{0) are unitarily equivalent, and therefore one may refer 
to the Schroedinger representation tt^. 

Definition 3.4 Two representations tti, 7r2 of A{M) are locally quasi equiv- 
alent if-Ki{A{0)) - ■K2{A{0)), for all O. 

A representation vr of ^(A^) is locally Schroedinger if it is locally quasi 
equivalent to the Schroedinger representation tts- 

Since Q{M.) acts by inner automorphisms on A{M.), 7ri{A{0)) ~ 7r2{A{0)) 
for a single O implies quasi equivalence for all O. Within the equivalence class 
of locally Schroedinger representations, one may take d^{x) = dx, x ^ O, in 
local coordinates, so that the representation is regular with D = C^{A4). In 
this section we shall prove the following 

Theorem 3.5 All regular representations tt ofA{Ai) are locally Schroedinger. 
Each TT is uniquely determined by the collection {7r{A{0)), O diffeomorphic 
to spheres }. 

It is worthwhile to remark the relation with the representations of the crossed 
product n(A4): 

Definition 3.6 A representationir of the crossed product = C^{Ai)x 

Q{A4) is Lie-Rinehart (LR) regular if it satisfies conditions i), ii) of Def- 
inition 3.1, eq. (1.1) and 'K{C^{Ai)) ^ 0. 7r(n(Al)) is locally Schroedinger if 
eqs. (3.2-3) hold. 

Theorem 3.7 LR regular representations of the crossed product n(Al) = 
C^{}A) X Q{M.) define regular representations of A{M.) and viceversa. In 
particular they are locally Schroedinger and are determined by their restric- 
tions to the corresponding local subalgebras. 

Proof. Given a LR regular representation tt of n(A^), the concrete algebra 
generated by 7r{C°°{M) x g{M)) and the family of R, = (T„ - i)'^, with 
T^ the generator of 7i{U{g{Xv)), represents A{M.), the LR relations, eq. (2.6), 
following from eq. (1.1). The converse follows from Proposition 3.2. The last 
statement follows from Theorem 3.5. □ 
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Lemma 3.8 A regular irreducible representation n of A{M.) is defined in a 
separable Hilbert space Hn- Any such a representation is unitarily equivalent 
to one with 

= L\M,dfx) X K, 

where djj, is equivalent to the Lebesgue measure on Ai (in any coordinate sys- 
tem). For all vectors of 71^, i-e. for all functions ip : ^ K, the 
representation is defined by 

7i{a)ip{x) = a{x)ip{x), T^{U{g)) = CgVg, (3.5) 

Cg4j{x) = iP{g-^x) [d^l{g-\)/d^Ji{x)Yl\ Vgi,{x) = Vg{x)i,{x), (3.6) 
Vg{x) a family of unitary operators in K, weakly measurable in x, satisfying 

C^^Vg{x)Cy, = Vg{hx), (3.7) 

Vg{hx)VH{x) = Vgh{x). (3.8) 

Two regular irreducible representations ni, 1x2 of A{M) are unitarily equivalent 
iff there exists a weakly measurable family of unitary operators S{x) : K ^ K , 
such that 

S{gx)V^'\x)S{x)-' = V^^\x). (3.9) 

Proof. C^{M.) is separable in the norm topology, (see eq. (2.7)); as a vector 
space, C{M.) is separable in the C°° topology and the strong continuity of f ^ 
f/(Af), condition i), implies separability of vr(^(A^)) in the strong topology; 
condition i) implies the strong continuity of v (Theorem VIII. 20 of 

Ref. [H]). Hence ti{A{M.)) is separable in the strong topology and all the cyclic 
representations, in particular the irreducible ones, are defined in a separable 
space. 

Since the one point compactification of A^, M.^ is the spectrum of the norm 
closure of C^(A^), any \1/ G Ti-,, defines a (Borel) measure on M. and therefore, 
by separability, can be written as 

n^ = ®^L'{M,d^in), (3.10) 

n 

with 7r(C^(7W)) acting as multiplication operators and djin the Borel measures 
on Jvl defined by a maximal set of vectors giving rise to a sequence of cyclic 
representations of C'^(A^). 
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Since condition iii) excludes one dimensional representations of A{A4) corre- 
sponding to the point at infinity of A^, one may replace with A4. Hence, 
by defining e.g. the measure dui^x) = 2~"d/i„(x), one has dfin{x) = 
G'^{x)dh'{x), with Gn{x) di^-measurable functions and 

<^)n^ = H I dy{x)W~n{x)^n{x)Gl{x), n^= I dv{x)n{x), (3.11) 
with TC{x) C dim?Y(x) a measurable function of x. 

The absolute continuity of du with respect to the Lebesgue measure (in any 
coordinate system) obviously amounts to that of dfin, Vn. Hence, it is enough 
to prove that for any Borel set S" C O of zero Lebesgue measure, one has 
finiS) = 0, Vn. In fact, for |A| < e, 

fin{S^) = j dfin{x) XS{X + A) = (^„, Xs ^n) 

is a positive continuous function of A, because x ^ x + X, x E O, can be 
obtained by the action of the groups U{Xv), which are strongly continuous in 
A, by condition i). Then, by the Fubini-Tonelli theorem 

j dXfin{S^)= j dfinix) j dXxs{x + X)=0, 

which implies fin{S) = 0. Hence du is of the form N{x)dx, and the function 
d{x) = cardinality of the set {n, N{x)G\{x) > O.a; G M.} is measurable (as a 
sum of the measurable functions 6{N{x)G\{x)))] d{x) is invariant under Q{A4), 
because so are the measurable sets An = {x,d{x) = n}, n = 0, l...cxo, since, 
a.e., d{x) = dimTC{x). Therefore, d{x) is constant, a.e. with respect to the 
Lebesgue measure, since / dx XAn{x)[a{x) — a{x + A)] = 0, V« G C^{0) and 
only the constant functions are orthogonal to a{x) — a{x + A), Wa G C^{0), 
\fO. Thus Hn is of the form L'^{M,dx) x K and the first of eqs. (3.5) holds 
by construction. 

The operators Cg(^xv) are unitary and strongly continuous and therefore so are 
the Vg defined by eqs. (3.5), (3.6). Moreover, Va G C^{0), g G g{M) 

Vgai) = Cg'U{g)atlj = C;'agU{g)^ = aCg'U{g)tlj = aVg^, 

and therefore Vg are decomposable operators, i.e. they define a weakly mea- 
surable family of unitary operators Vg{x) (Theorem 7.10 of Ref. [T2]). 
Eq. (3.7) follows from eq. (3.6) and eq. (3.8) follows from from eq. (2.2) and 
eqs. (3.6), (3.7). 
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The equivalence of irreducible representations of the form (3. 5), (3. 6) implies 

dim 7^1 = dim 7^2, since dim Ki is the multiplicity of n{Cl^{Ai)). Then, iden- 
tifying Ki = K2, SiTiS'^ = 712 implies that S commutes with 7rj(C^(A^)) 
and, therefore, by the same argument as above, it defines a weakly measurable 
family of unitary operators S{x) : K ^ K. □ 

For the local analysis of the representation it is convenient to consider, 
for each region O, d vector fields Vi e A(O'), O' D O, which define cartesian 
coordinates in C; henceforth, O will be identified with the unit ball in R*^ 
and Oe will denote the corresponding sphere of radius e. The one parameter 
groups generated by such vector fields will be denoted by gi{Xi); then, Wx e O, 
for a; + A e C and A small one has 

d 

g[X]x = x + X, g[X] = l[9i{Xi). (3.12) 

i=l 

The diffeomorphisms g[X] depend on the choice of the defining factors gi[Xi] 
and need not to commute, even for small A, since eq. (3.12) holds only for x e 
O. However, the LR relations, eq. (1.1), allow to transfer the local cartesian 
structure of the one parameter subgroups gi{Xi) to the operators U{g[X]), i.e. 

Lemma 3.9 For all a with support in O1/2, X, jj, small, one has 

U{g[X]) U{g[fi]) a = U{g[X + /x]) a. (3.13) 

Proof. It suffices to prove eq. (3.13) for the one parameter subgroups, i.e. 
U{gi{Xi)) U{g2{X'2)) a — U{g2{X2)) U{gi{Xi)) a. For this purpose we compute, 
for A, // small, |//| < |Ai|, on the common invariant domain D, 

{d/dfi) U{gi{X, - /x)) U{g2{X2)) U{g^{fi)) a = 

= i U{gi{Xi - //)) U{g2{X2)) (T,,., - T.J a;,,(^) C/(^i(//)) = 0, 

where the covariance eqs. (2.2), (2,5), yielding U{{g2{X2))~^ T^j^U{g2{X2)) — 
Tg^v-^, have been used and the last equality follows from the LR relations, 
eq. (3.1), since g2Vi and Vi coincide on the support of Q!pi(/i), for Ai, A2 small 
enough. □ 



Lemma 3.10 For A, small, Vx e O1/2, one has 



(3.14) 
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Moreover, a.e. in y, 

Wyix) = Vgi,.y]iy), x^yEO, (3.15) 

define a family of unitary operators in K , weakly measurable in x, and therefore 
a unitary operator Wy in L'^{0,dx) x K, given by Wyifj^x) = Wy[x)%l){x) ; 
Vx, 1/ e (9i/3, A small they satisfy 

W-\g[\]x)Vg^x]{x)Wy{x) = 1, a.e. m y. (3.16) 

Proof. Eq. (3.14) follows from eqs. (3.8) since, by eq. (3.13), 

Moreover, V'^ e TYtt, with supp'^ C O, V^[a](x) ■0(x) is continuous in A as 
an element of L'^{0, dx) x X as a consequence of Lemma 3.8 and the strong 
continuity of the one parameter subgroups gi{Xi). This implies that, Vx G K, 
F(A, x) = (x, Vgixii^) 4'{x))k is a continuous function of A in L'^{0, dx). Given 
a basis e„(a;) in L'^{0, dx), F{\,x) = ^ c„(A) e„(a;), with c„(A) continuous in 
A. Hence, Vg[x=x-y]{x) is measurable in x and y and therefore, by the Fubini- 
Tonelli theorem, in x a.e. in y. Eq. (3.16) follows from eq. (3.14) since 

VgWi^) Wyi^) = VgWialx - y]y) Vg[,,-y]{y) = Vgix+x-y]{y) = 
= Wy{x + X) = Wy{g[X]x). □ 

Proof of Theorem 3.5. By using the above Lemmas, Va with suppa C 
V[/(5f[A]), |A| < e = l/8d, a.e. in y e Os, S « s, one has 

Wy-\x) U{g[X]) Wy{x) a{x) = Wy'^x) C,[,] Vg[x]{x) Wy{x) a{x) = 

= Cg[x] Wy\g[X]x) Vgix]ix) Wy{x) a{x) = Cgix] a{x). 
This implies, on D, 

-i Ty^a(x) = Wy(x) d/dXi Cg[x]\x=o Oi(x) Wy^{x) 

so that yv = '^ai{x) Vi, with suppaj C O^, and therefore V^; e C{Oe), the 
LR relations (3.1) imply 

T; = ai{x) + = Wy{x) id/ dXCg^xv)\x=o Wy{x)-\ (3.17) 

i 

where the last equality follows from the LR relations for the generators in the 
Schroedinger representation. The same equation is satisfied by any extension of 
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Wy{x) to X outside O, e.g. Wy{x) = 1, for x ^ O. Eq. (3.16) provides therefore 
a unitary equivalemce in L?{M., djj) x K which extends to the exponentials 
and the resolvents by the essential self-adjointness of the on D. 
In conclusion, the local properties of the unitary operators Wy{x), x E M., 
imply the quasi equivalence of 7i{A{0)) in L^(7W, d/i) x K to the Schroedinger 
representation 775(^(0)) in L^{M, dx)\ VV' e L'^{M, d/j,) x K, Ae A{0), 

n{A)ij = WyTisiA) Wy^ip, a.e. in yeO. (3.18) 
In particular, for A = U{g), Wg E Q{0), Wx E Ai, one has 

{n{U{g))^){x) = C,Wy{gx) Wy{x)^{x), i.e. V,{x) = Wy{gx) Wy{x)-\ 

(3.19) 

Since, by the regularity condition ii) of Definition 3.1, the generators satisfy 
Tv=Y;^vi — "^iTvi, V e jC{A4), by the compactness of the support of v and 
the essential self-adjointness on D, Ty is uniquely determined (as a self-adjoint 
operator) by the T^,-, vi G C(Oi). Hence the representation is uniquely deter- 
mined by the T^{A{Oi)). □ 

4 Classification of the regular representations 
and topological effects 

For the classification of the regular representations one has to analyze the ex- 
tension of the local characterization of the unitary operators Vg[\v){x), v G 
j0.{O), eq. (3.19), to the general case v G C{M.). This will be done by following 
the integral curves 'y{v,\,x) = {g(fiv)x, 0<fj,<X},vE C{Ai), patch- 
ing together the local action of Vg(^xvi), eq. (3.19), Vi G C{Oi). The resulting 
characterization of the V^(a?;) will depend on the equivalence class of the path 
7(1;, A), so that the classification will turn out to be provided by the unitary 
representations of the fundamental group 7ri(Al). 

For this purpose we start with the following preparatory Lemmas. 

Lemma 4.1 The unitary operators Wy{x), defined by eq. (3.15), satisfy 

i) Wy{xy^ = W^{y), a. e. in {x,y) eOxO, 

ii) yV{y,x) = Wz{y) Wz{x)~^, x, y, z E O, is independent of z a.e. in O and 
therefore it is well defined a.e. in x E O and a.e. in y E O and satisfies 

W{y, x) W{x, z) = W{y, z). (4.1) 

Proof. Property i) follows trivially from the definition (3.15) and eq. (3.8). 
The independence of z in ii) follows from i) and eq. (3.8), and implies eq. (4.1) 
Va;, y G 0\I, I a set of zero measure. □ 
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Lemma 4.2 Let 7(2/, be a C°° curve starting at x and ending at y, and 
7(1/, x) = j{y,Xn)oj{xn,Xn-i)o---j{xi,x) be a partition such that ^{xi-^i,Xi) e 
Oi, then 

W{y, X, -f{y, x)) = W{y, z^) x), (4.2) 

is independent of the points Zi G Oi-i fl Oi and of the partition chosen in 
eq. (4-. 2); it depends only on the (homotopic) equivalence class [7(1/, a;)], i.e. 
>V(y, X, 7(y, x)) — W(y, X, [7(y, x)\). Furthermore, \/x, y,z,E M. 

W{y, X, [7(y, x)]) W{x, z, [-fix, z)]) = W{y, z, [-f{y, x) o ^{x, z)]). (4.3) 

The operators 'VV{x,x, [7]) : K ^ K are well defined a.e. in x & A4 by ii) of 
Lemma 4-1 o-nd define unitary representations of 7ri(Ai), which are unitarily 
equivalent for all x G A4 . 

Proof. The construction (4.2) is independent of the addition and displacement 
of an intermediate point as a consequence of eq. (4.1). The composition law 
(4.3) follows from eq. (4.2) with x as intermediate point. Given x and y, an 
equivalence relation between the closed curves ■j{x,x), and jiy.y) is given by 
[7(1/1 y)] = [7(1/) x)o'j[x, x)o j^x, y)~^], with 7(0;, y) a fixed curve; then the uni- 
tary equivalence of the representations of t:i{A4) is given by W{y,x, [7(1/, a;)]). 
□ 

Lemma 4.3 The operators 

Wgix,){x) = W{g{Xv)x,x,[^{v)]), v e C{M), (4.4) 

with 7(f) = ^{v, g{\v)x,x) the integral curve of v starting at x and ending 
at g{\v)x, define, for fixed v, X, a family of unitary operators in K, weakly 
measurable in x, and therefore unitary operators in L'^(Ai,dx) x K, with the 
following properties 

i) yv e C{M), h e g{M), 

'^g(Xv){x) Ch = ChWg^xv){hx) 

ii) lA{g{\v)) = Cg{^\y) 'Wg[\v){x) form a one parameter group in A 

Hi) yv e CiM), for all O, yVg[xv){x) = Wg(xi,){x) = Vg(xv){x), Va; G O1/2, A 
small enough, \/v e C{0) with v = v in C3/4. 

Proof. Property i) follows from the definition and properties of the W as 
a family of unitary operators in L^(7W, dx) x K. The group properties follow 
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from those of the W, eq. (4.3), and from property i). Property iii) follows from 
the definition of the W and eq. (3.19): 

The results of the above Lemmas allow for an extension of eq. (3.19) to 

Proposition 4.4 For any g{Xv) e Q{A4) one has 

{n{U{giXv)m{x) = CyW{giXv)x, x, b{v)])i;{x), (4.5) 
i.e. Vg{x) = W{g{Xv)x,x, Mv)]). 

Proof. We have to prove that 7r{U{g{Xv))) = U{g{Xv)) \/v e £{M). In fact, 
both 7t{U) and U are one parameter groups of strongly continuous unitary 
operators. The generator oiU{g{Xv)) exists on D and coincides with Ty there. 
In fact, chosen a with compact support and a = 1 on supp(i'), 

n{U{g{Xv))) (1 - a) = 1 - a = ^(^(A^;)) (1 - a), 

so that both generators vanish when multiplied by 1 — a; by choosing ai{x) € 
C°°(Oj), X^jQ;j(a;) — a, Vi — v in Oi{l + e), X small, one has on D, by Lemma 
4.3, iii), 

U{g{Xv))^ai{x) = ^Cg^xvi)Vg^xvi){x) ai{x) = ^ [/(^(AC^)) Q;i(x) 

it i 

and therefore 

{d/dX)U{g{Xv))\x=oa{x) = -i^Ti).ai{x). 

i 

The LR relations (Proposition 3.2), equivalently the locally Schroedinger prop- 
erty, and the support properties of Vi give 

J2 TviO^i = ^(T;,ii, + H^^i, «i ]) = ^ T^iv + ^ «i ] = = «■ ° 

i i i i 

Theorem 4.5 Modulo unitary equivalence a regular irreducible representation 
of A{Ai) is characterized by the unitary irreducible representation of 7ri{A4), 
defined by Lemma 4-2. 
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Proof. Given two regular irreducible representations, vri,7r2, of A{Ai), by 
Lemma 3.8 they are of the form (3.5), (3.6) in L^{A4,d^) x Ki, i = 1,2, 
and by Proposition 4.4 the corresponding Ui{g) are determined by the opera- 
tors yV{y,x, [7]) of Lemma 4.2. By Lemma 3.8 the unitary equivalence of the 
two representations amounts to the existence of unitary operators S(x) with 

S{y) m{y,x, [7]) S{x)-' = m{y,x, [7]) (4.6) 

and this trivially implies the unitary equivalence of the corresponding repre- 
sentations of 7Vi{M.). 

On the other hand, the unitary equivalence of the corresponding unitary rep- 
resentations of 7ri(7W) reads 

W^{z,z,[^])^V-'W2{z,z,[^])V,, V,:K,^Kr, (4.7) 

then, a.e. in z, the operators 

s{x) = m{x,z,[j])v,m{x,z,[^])-' 

are independent of 7 and define unitary operators S : L^{A4,dii) x — > 
L^{A4,dii) X K2. In fact, given x.xq and a fixed curve j{x,Xo), any 7(2;, Xq) 
may be uniquely written as [j{x,Xo)] = [j{x,Xo) o jo{xo,Xo)], 70 = 7~^ ° 7; 
then 

Wi{x, xo, [7]) = Wi{x, xo, [7]) Wi{xo, xo, [70]) 

and by eq. (4.7) 

W2{x, Xo, [7]) V,, Wi{x, xo, [7])-' = W2{x, xo, [7]) mix, xo, 
i.e. S{x) is independent of 7. Since 

m(y, Xo, [7(2/, 2^0)])"^ yVi{y, X, [^{y, x)]) yVi{x, xo, ["fix, Xo)]) = 

= Wi{xo, Xo, [^{xo, y) o 7(1/, x) o 7(x, Xq)] 

and intertwines between the right hand sides of the above equation, i — 
1, 2, one gets eq. (4.6). □ 

The regular irreducible representations of A{A4) can be given a more ex- 
plicit form, which also exhibits their complete characterization in terms of 
representations of 7ri(A1). By exploiting the results of Proposition 4.4, they 
can be identified with Schroedinger representations on multivalued wave func- 
tions on Ji4, namely on wave functions on Ai, the universal covering space of 
M. 
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The following notions and notations are useful: the points of Ai will be 
denoted by the pairs (x, [7]), with 7 a C°° curve in A4 starting at a fixed 
point Xq and ending at x; the group Q{A4) acts naturally on jU. as g{\v)x = 
g{Xv){x, [7]) = {g{Xv)x, [yiv)) o 7]), •yi^v) as in eq. (4.4); a regular immersion 
X — > X of Al into Ai is given by a; — > {x, [jx]), with x ^ 7^ a family of curves 
depending continuously on x in an open subset of A4 with complement of zero 
measure. 

For any given unitary representation R of ni{A4) in a Hilbert space K, 
L'^{M., K, R) will denote the space of locally wave functions if) : M. ^ K 
satisfying 

[7 o 7o]) = R{[i^])-^i^{x, [7]), (4.8) 

with norm 

where dj^{x) is any measure absolutely continuous with respect to the Lebesgue 
measure dx in any coordinate system. The above Hilbert norm is independent 
of the choice of the family {7^;} since R is unitary, and different choices of 
dii{x) lead to equivalent constructions. 

Theorem 4.6 Any regular irreducible representation tt of A{A4) is unitarily 
equivalent to the representation tt in L'^{Ai,K,R), with R the unitary repre- 
sentation of 7ri(Ai) associated to tt by Lemma defined by 

7r{U{g{Xv)))i){x) = ip{g{Xv)~^x) J{g{Xv),x), ai){x,[y]) = a{x) i){x,[y]). 

(4.10) 

Conversely, any unitary irreducible representation R of 7ri(Ai) defines a reg- 
ular irreducible representation of A(A4), given by eqs. (4-8-10). 

Proof. The unitary equivalence is given by the isometry 

T : L^M, di^)xK3 V(x) ^ i^ix, [7]) = yV{x, Xo, [7])"' i^{x), (4.11) 
with yV defined by eq. (4.2). In fact, by eq. (4.3) 

^{x, [7 070]) = yV{x, Xo, [7 o 7o])-^ ip{x) = W{xo, Xo, [70])"^ ^{x, [7]), 

i.e. eq. (4.8) holds and the unitarity of T follows from that of W and eq. (4.9). 
Furthermore, T intertwines between tt and tt, since by Lemma 4.3 

Cg yV{g{Xv)x,x,[y{v,g{Xv)x,x)]) = W{x,g{Xv)~'^x,[y{v,x,g{Xvy^x)]) Cg, 
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Wix, xo, W yV{x, giXvy'x, [jiv, X, g{Xv)-'x)]) = 
= yV{g{Xv)~^x, xo, [jiv, g{Xv)~^x, x) o 7])-^ 
and therefore, by Proposition 4.4 

(T 7T{U{g{Xv)m {x, [7]) = ^{g{Xv)-'x, [^{v) o 7]) = 7t{U{g{Xv)) ^{x, [7]). 

The unitary equivalence obviously extends to the resolvents. 
Conversely, given a unitary irreducible representation R of 7ri(Al) in a Hilbert 
space K, eqs. (4.8-4.10) define a LR-regular representation of the crossed prod- 
uct C^{M)xg{M). In fact, the space C^'(M, K, R) of iT- valued functions of 
compact support on Ai which are strongly infinitely differentiable and satisfy 
eq. (4.8) is dense in L'^{Ai, K, R), since it contains the spaces defined by the 
extension of C^{0) through eq. (4.8) for all O G M. C^{M, K, R) is invari- 
ant under C^(A^) x Q{A4) and gives a regularity domain D, since the strong 
differentiability of 'K{U{g{Xv))) on D follows by a dominated convergence ar- 
gument; the strong continuity with respect to w G C{Ai) follows similarly. The 
locally Schroedinger property follows from eq. (4.10), since there is no depen- 
dence on 7 for X e O, and implies eq. (3.1) and therefore LR regularity. By 
the first part of Theorem 3.7 one gets a regular representation of A{A4). □ 
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